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Canonical Global Symmetry and Quantal
Conservation Laws for a System with Singular
Higher Order Lagrangian

Zi-ping Li'? and Li Wang?
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Starting from the phase-space generating functional of the Green function for a
system with singular higher order Lagrangian, the generalized canonical Ward
identities under the global symmetry transformation in phase space is deduced.
The local transformation connected with this global symmetry transformation is
studied, and the quantal conservation laws are obtained for such a system. We give
a preliminary application to higher derivative Yang—Mills theory; a generalized
quantal BRS conserved quantity is found.

1. INTRODUCTION

The connection between continuous global symmetry and conservation
laws is usually referred to as the Noether theorem in classical theories. Ward
identities (or Ward—Takahashi identities) play an important role in modern
quantum field theories (Ward, 1950; Takahashi, 1957; Slavnov, 1972; Taylor,
1971). These identities have been generalized to supersymmetry (Joglekhar,
1991) and superstring theories (Danilov, 1991) and other problems. All of
these discussions for the Noether theorem and Ward identities in the functional
integration method (Surra and Young, 1973; Young, 1987; Lhallabi, 1989)
are usually based on the examination of the Lagrangian in configuration
space and the corresponding transformation expressed in terms of Lagrange’s
variables. The generalization of the Noether theorem to a system with a
singular Lagrangian in terms of canonical variables was given in Li (1993).
Phase-space path integrals are more basic than configuration-space path inte-
grals (Mizrahi, 1978). While the phase-space generating functional cannot
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be simplified by carrying out explicit integration over the canonical momenta,
even if the integration over the momenta can be carried out, the effective
Lagrangian sometimes shows a singularity with a -function (Lee and Yang,
1962; Gerstein et al., 1971; Du et al., 1980). Thus, the investigation of the
symmetry properties of the system in the phase space for the quantum theories
has more fundamental sense. Canonical local symmetry in a system and
canonical Ward identities were discussed in Li (1994, 1995). Dynamical
systems described in terms of a higher order Lagrangian obtained by many
authors are of much interest in connection with gauge theories, gravity,
supersymmetry, string models, and other problems (Li, 1993). Here, canonical
global symmetry for a system with a singular higher order Lagrangian will
be further investigated. Based on the phase-space generating functional of
the Green function for a system with singular higher order Lagrangian, the
generalized canonical Ward identities under the global symmetry transforma-
tion in phase space are deduced. The realization of a canonical Noether
theorem at the quantum level for such systems is given. Applying our formula-
tion to higher derivative Yang—Mills theory, we obtain a generalized quantal
BRS conserved quantity.

2. CANONICAL WARD IDENTITIES FOR GLOBAL
SYMMETRY

Let us consider a dynamical system described by a singular Lagrangian
2(4’“4’1 te ¢:.L(N))! d)f;.(m) =4, 9, *

R —
m

Due to the singularity of the Lagrangian, the motion of this system is restricted
to a hypersurface of the phase space, determined by a set of constraints. The
generating functional of the Green’s function for this system can be written
as (Li, 1994; Gitman and Tyutin, 1990)

717, Kl = [ Db, B DA, BC, BC;

X exp[i f d'x (L + TG + Kfi"rr?:))] (1
where g is an effective canonical action

By = f d*x s = f d*x [ﬂf,f)d)g, - %, + N D,

+ % J’ d*y Cx) (D), CDz(y)}Cr(y)] @
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and 7Y is the canonical momentum determined by the Ostrogradsky transfor-
mation, ¥, is the canonical Hamiltonian density, ® = {®,} is a set of all
constraints (for a theory with second-class constraints) or the set of constraints
and gauge conditions (for a theory with first-class constraints), {-, -} denotes
generalized Poisson bracket, C/(x) and C,(x) are Grassmann variables, and
\.(x) are Lagrange multipliers. For the sake of simplicity, we put

P = (O, Ay Ci, C) and =09, Up & £)

where U,, &, and & are exterior sources with respect to \,,, Ci, and C,
respectively; then the expression (1) can be written as

Zlj, K] = J Do) D Cxp[i J d*x (L + jO¢%) + K?s)’"g))] 3

Let us consider a global symmetry transformation in extended phase
space whose infinitesimal transformation is given by

It

= a4+ At =t e, T, ¢F, TS
PH(') = eH(x) + ApH(x) = @0 + €ES(x, 9, TL) “)
() = 7)) + AnD() = mO(x) + €M (x, ¢F), 1)

where €, (0 = 1,2, ..., r) are infinitesimal arbitrary parameters, and ™,
&85, and M are functions of x, ¢f, and w$. It is supposed that the effective
canonical action is invariant under the transformation (4) and the Jacobian
of the transformation (4) is equal to unity. The generating functional (3) is
invariant under the transformation (4); thus, one gets

- 1 8
Zlj, K] = j?b(pg) D (1 + ie, J' d*x {Jg)(gﬁ‘)' — ™9, W)

i - o )

o O 5 _
+ OM[TM(JSI) 8-(3) + K’é) aKu )]}) Z[Is K]
Je © o>~ DRSS~ BT,
(5)

Consequently, the generating functional satisfies the following generalized
canonical Ward identities:
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) S
4 TS oo _— T _
f o {’ 9('5‘” e ajs,”) ' K?‘)(“E‘)“ i sxzz))

oo D 5 o
+ aP-I:Tu (]g) aj(S) + K&) W)]} Z[], K] =0
* &/ 1) gyt m— - K
(6)

Functionally differentiating (6) with respect to the exterior sources j&’ many
times and setting all exterior sources equal to zero, one can obtain some
relationships among the Green functions.

3. CONSERVATION LAWS AT THE QUANTUM LEVEL

It is supported that the effective canonical action is invariant under the
global transformation (4). Let us consider the corresponding local
transformation:

o=k 4+ Axt = x4 e ()T, ¢F), T)
eH(x') = ¢F)(x0) + Agl(x) = @(x) + &ES(x, %), T  (7)
() = m) + ATO(D) = T + € MP(x, 0, )
where €,(x) (¢ = 1, 2, ..., r) are infinitesimal arbitrary functions; the values
of €,(x) and their derivatives up to required order on the boundary of time-

space domain vanish. Under the transformation (7) the variation of the effec-
tive canonical action is given by Li (1993)

Slgff = jd4x Eo(x){(—’irl(;) - 8Heﬂ/&P§))( (tg - (P?_‘,),MTM)

+ (9% — dH A3TYG® — wEh )
+ 0,[(w9¢%) — He)™] + DITES — ¢%u™)]}

+ Jd4x {[(’TTS)‘P&) - eff)TW]auEa(x)

+ TOES — 0% )Deq(x) ®

where D = d/dr, and H.4 is the Hamiltonian connected with L2; = [ d3x
&%+ Since we have assumed that the effective canonical action is invariant
under the global transformation (4), then the first integral in expression (8)
is equal to zero. The Jacobian of the transformation (7) is denoted by Jl¢,
r, €]; the invariance of the generating functional (3) under the transformation
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(7) implies that 8Z/d¢,(x) = 0. We perform the integration by parts of the
right-hand side of the remaining terms in expression (8), after which we
substitute the result of 8/ into (3) and functionally differentiate the obtained
result with respect to €,(x); we have

J’ Doy DL (0, (7P — He)™]

+ DITOES — ¢fu)

—J§ — M} CXP[i J x (Ll l(;)“P(s) Keyme ))] 9

where
§ = —idJle, m, €)/des(x) | cyi=0 (10)
= jOES — 98, ™) + K& — 78, m) (11)

Functionally differentiating (9) with respect to j& n times, one gets
J@(P%) D ({au[(ﬂg’@’}) = Hew™]
+ DITPES — @f,™)] — J§ — M}e*(x)e™(x2) -+ 9%(xn)

— i QxR (-9 (X)) P ()
J

X N9§(x — xj)) exp[i J x (L g)‘P(s) (5)17.(,‘))] =0 (12)

where

N7 = &§ — @™ (13)
Let us set all exterior sources equal to zero in expression (12); J& = K¢,
= (; we obtain

<0 f T* { au[(“g)q’(s) eff)TM]
+ DImOES ~ 08y, ™) — J§}e"(xp)e(x2) + - ¢%(x,)10)
=i X (01 T*e*(x)e*(x2) *** @(x-1)@(X;01) *** @LDN10)3(x — x;)
J
(14)

where the symbol T* stands for the convariantized T product (Surra and
Young, 1973; Young, 1987). Fixing ¢ and letting

I N Il bma2s o -5 In ™ =
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and using the reduction formula (Surra and Young, 1973; Young, 1987), we
can write expression (14) as

(out, m1{3,[(mP¢F) — ™1 + DIwPELS — ™) (15)
—J§}Hn—m,in) =0

Since m and » are arbitrary, this implies
I(mO9G) — Hew™1 + DITOES — ¢Hu™ ] = J§ (16)

It is supposed that the Jacobian of transformation (7) is a constant [or indepen-
dent of €,(x)]; in this case, J§ = 0. We take the integral of the expression
(16) on three-dimensional space. If we assume that the fields have a configura-
tion which vanishes rapidly at spatial infinity, according to Gauss’ theorem,
we obtain the following conserved quantity at the quantum level:

Q= Id3x (TS — ofut™) — Hert™) (17

This result holds for anomaly-free theories.

The conservation law (17) in the quantum case corresponds to the
classical conservation laws deriving from the canonical Noether theorem (Li,
1993). In general, # ¢ differs from the canonical Hamiltonian ¥, and the
Jacobian of the transformation (7) may not be a constant; then the conserved
quantity (17) is different from the classical ones. The connection between
the symmetries and conservation laws in classical theories in general is no
longer preserved in quantum theories.

The advantage of the above formalism for obtaining conserved charges
at the quantum level is that we do not need to carry out explicit integration
over the canonical momenta in the phase-space generating functional. In the
general case it is difficult or impossible to carry out these integrations.

4. AN APPLICATION

We consider Yang—Mills theory with higher order derivative whose
Lagrangian is given by (Li, 1994; Gitman and Tyutin, 1990)

1 1
£ =~ FLF™ = o DL FLDOF™ (18)
Fi, = 0,A% — 3,A% +f",,cAf,_Af, (19)
D, = 880, + fopAS (20)

In the Coulomb gauge the phase-space generating functional of the Green
functions for this system can be written as (Li, 1994)
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ZlJ, & & m]
= J DAL DAZ,, Dt D DO BT DA, S(DHPG

X exp[i f d*x (P + JHAS + C%, + O, + 1]"')\,,,)] @D

where
P=L+ 2L, + Lo (22)
£r = mpAs + wOrAG,, — K. (23)
DL = MDY + NDD 24)
£, = 2CDLALC (25)

¥, is the canonical Hamiltonian density for the Lagrangian (18), w4 and
w"k are the canonical momenta conjugate to A% and A%, = Ag, respectively,
and {®} and {®C} are constraints and gauge conditions, respectively (Gitman
and Tyutin, 1990). In expression (21) we have introduced sources J% only
to fields A{. The theory is independent of the choice of gauge conditions
(Sundermeyer, 1982); the ®Z (i = 1, 2) can be replaced by ®S = &S —
Dai, Where p,(x) are independent of the gauge. We consider instead of the
measure in (21) one obtained by performing the Gaussian average

j Dpai Dpar exp[—i f (p2f2a)) d“X] (26)

over the measure Dy defined by
Dp = DAL DA, Dk D DC* DC* DN,
X 8((1)2;1 - pal)S((Dz(z;Z - paZ) (27)

This amounts to the substitution of the generating functional (21) into the
following expression:

21, & m = f DAL DAG, Dl DT DC DC* DA,
X exp[i j d'x (L2 + JHAL

+ C%, + £,C° + n"')\,,,)] (28)
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where
L=+ L+, + L 29)
1 G \2 1 i 2
= —— = —— (9'A? 30
B = g (@D = —3- (94D (30)
. = MO + MOP — - (BG)? 31
2(![
Let us consider the BRS transformation in phase space:
SA‘}‘L = DZp.CbT’ 8A?I)p. = aO(D‘I;quT) (328)
8175 = fge‘leC"‘r - fgeﬂgl)pCbT, 817511)” = fgew(el)ucb'r (32b)
8C* = L1fs.C°C, 3C" = —(tlap)d'A;  (320)

where 7T is a Grassmann parameter. Since ®¢ and ®(2 are first-class con-
straints, and the change of first-class constraints under the gauge transforma-
tion (32a) is within the constraint hypersurface (Li, 1995); thus, 8%, ~ 0
and 3£, ~ 0 under the transformation (32). That is to say, the variation of
the effective canonical action B is 8% ~ ( under the transformation (32),
where the sign = means equality on the constrained hypersurface (inctuding
gauge constraints). The Jacobian of the transformation (32) is equal to unity.
According to (17), we obtain the generalized BRS conserved quantity at the
quantum level

Q= Jd3x [w43A2 + wEBAG,, + mAC* + WACY (33
where
n8 = - DYDIFD
m, = 5 (DHDGFY + DYDRFY) — Digndl* + FY  (34)
P =0, ¥ = - DyFE
mo=—C% W, = Dl (35)
ACKNOWLEDGMENTS

The present work was supported by the National Natural Science Founda-
tion of the People’s Republic of China and the Beijing Natural Science
Foundation.



Canonical Global Symmetry and Quantal Conservation Laws 439

REFERENCES

Danilov, G. S. (1991). Physics Letters, 257B, 285.

Du, T. S, Yin, H. C,, and Ruan, T. N. (1980). Nuclear Physics, 164, 103,

Gerstein, L. S., Jackiw, R., Lee, B. W., and Weinberg, S. (1971). Physical Review D, 3, 2486.

Gitman, D. M., and Tyutin, L. V. (1990). Quantization of Fields with Constraints, Springer-
Verlag, Berlin, p. 227.

Joglekar, S. D. (1991). Physical Review D, 44, 3879.

Lee, T. D., and Yang, C. N. (1962). Physical Review, 128, 885.

Lhallabi, T. (1989). International Journal of Theoretical Physics, 28, 875.

Li, Z. P. (1993). Science in China (Scientia Sinica), 36, 1212.

Li, Z. P. (1994). Europhysics Letters, 27, 563.

Li, Z. P. (1995). International Journal of Theoretical Physics, 34, 523.

Mizrahi, M. M. (1978). Journal of Mathematical Physics, 19, 298.

Slavnov, A. A. (1972). Theoretical and Mathematical Physics, 10, 99.

Sundermeyer, K. (1982). Lecture Notes in Modern Physics, Vol. 169, Springer-Verlag, Berlin,
pp. 116.

Surra, H., and Young, B. L. (1973). Physical Review D, 8, 4353.

Takahashi, Y. (1957). Nuovo Cimento, 6, 371.

Taylor, J. C. (1971). Nuclear Physics B, 33, 436.

Ward, J. C. (1950). Physical Review, 77, 2931.

Young, B. L. (1987). Introduction to Quantum Field Theories, Science Press, Beijing.



